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The electromagnetic force a photon undergoes in a nonlinear regime can be geometrized.
This is a rather unexpected result and at the same time a beautiful consequence of the
analysis of the behavior of the discontinuities of non-homogeneous nonlinear electromag-
netic field. We show how such geometrization is possible.
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1. General Comments on Nonlinear Electrodynamics

Modifications of light propagation in different vacua states has recently been a

subject of interest. Such investigation shows that, under distinct non trivial vacua

(related to several circumstances such as temperature effects, particular boundary

conditions, quantum polarization, etc), the motion of light can be viewed as electro-

magnetic waves propagating through a classical dispersive medium. The medium

induces modifications on the equations of motion, which are described in terms of

nonlinearities of the field. In order to apply such a medium interpretation we con-

sider modifications of electrodynamics due to virtual pair creation. In this case the

effects can be simulated by an effective Lagrangian which depends only on the two

gauge invariants F and G of the electromagnetic field.1

One of the main achievements of such investigation is the understanding that,

in such nonlinear framework, photons propagate along geodesics that are no more

null in the actual Minkowski spacetime but in another effective geometry. Although

the basic understanding of this fact — at least for the specific case of Born-Infeld

electrodynamics — has been known for a long time,1 it has been scarcely noticed

in the literature. Moreover, its consequences were not exploited any further. In par-

ticular, we emphasize the general application and the corresponding consequences

of the method of the effective geometry outlined here.

The exam of the photon propagation beyond Maxwell electrodynamics has a

rather diversified history: it has been investigated in curved spacetime, as a conse-

quence of non-minimal coupling of electrodynamics with gravity and in nontrivial

QED vacua, as an effective modification induced by quantum fluctuations.1 As a
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consequence of this examination some unexpected results appear. Just to point one

out, we mention the possibility of faster-than-light photons.a

The general approach of all these theories is based on a gauge invariant effective

action, which takes into account modifications of Maxwell electrodynamics induced

by different sorts of processes. Such a procedure is intended to deal with the quan-

tum vacuum as if it is a classical medium. Another important consequence of such

point of view is the possibility to interpret all such vacua modifications — with

respect to the photon propagation — as an effective change of the spacetime metric

properties. This result allows one to appeal to an analogy with the electromagnetic

wave propagation in curved spacetime due to gravitational phenomena.

1.1. Definitions and notations

We call the electromagnetic tensor Fµν , while its dual F ∗µν is

F ∗αβ
.
=

1

2
ηαβ

µνFµν , (1)

where ηαβµν is the completely antisymmetric Levi-Civita tensor; the Minkowski

metric tensor is represented by its standard form ηµν . The two invariants con-

structed with these tensors are defined as F
.
= Fµν Fµν , G

.
= Fµν F ∗µν .

Once the modifications of the vacuum which will be dealt here do not break

the gauge invariance of the theory, the general form of the modified Lagrangian

for electrodynamics may be written as a functional of the above invariants, that is,

L = L(F, G). We denote by LF and LG the derivatives of the Lagrangian L with

respect to the invariant F and G, respectively; and similarly for the higher order

derivatives. We are particularly interested in the derivation of the characteristic

surfaces which guide the propagation of the field discontinuities.

Let Σ be a surface of discontinuity for the electromagnetic field. Following

Hadamard we assume that the field itself is continuous when crossing Σ, while

its first derivative presents a finite discontinuity. We accordingly set

[Fµν ]Σ = 0, [∂λ Fµν ]Σ = fµνkλ, (2)

in which the symbol [J ]Σ ≡ limδ→0+ (J |Σ+δ − J |Σ−δ) represents the discontinuity

of the arbitrary function J through the surface Σ characterized by the equation

Σ(xµ) = constant. The tensor fµν is called the discontinuity of the field, and

kλ = ∂λΣ is the propagation vector.

2. The Method of the Effective Geometry

2.1. One-parameter Lagrangians

In this section we will investigate the effects of nonlinearities in the equation of

evolution of electromagnetic waves. We consider in the first part to the simple class

aThe meaning of such expression is that the wave propagates along spacelike characteristics in
the Minkowski background.
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of gauge invariant Lagrangians defined by L = L(F ). From the least action principle

we obtain the field equation

∂µ (LFF
µν) = 0. (3)

Applying conditions (2) for the discontinuity of the field equation (3) through

Σ we obtain

LFf
µν kν + 2LFF ξF

µνkν = 0, (4)

where ξ
.
= Fαβ fαβ. The consequence of discontinuity in the cyclic identity is

fµνkλ + fνλkµ + fλµkν = 0. (5)

In order to obtain a scalar relation we contract this equation with kαη
αλFµν :

ξkνkµη
µν + 2Fµνfν

λkλkµ = 0. (6)

Let us consider the case in which ξ does not vanish.b From equations (4) and (6)

we obtain the propagation equation for the field discontinuities as given by

(LFη
µν − 4LFFF

µαFα
ν) kµkν = 0. (7)

Expression (7) suggests that one can interpret the self-interaction of the back-

ground field Fµν , in what concerns the propagation of electromagnetic discontinu-

ities, as if it had induced a modification on the spacetime metric ηµν , leading to

the effective geometry

gµνeff = LF η
µν − 4LFF F

µ
α F

αν . (8)

A simple inspection of this equation shows that only in the particular case of linear

Maxwell electrodynamics the discontinuity of the electromagnetic field propagates

along null paths in the Minkowski background.

The general expression of the effective geometry can be equivalently written in

terms of the vacuum expectation value (VEV) of the energy-momentum tensor

Tµν ≡
2√−γ

δ Γ

δ γµν
, (9)

where Γ is the effective action and γµν the is Minkowski metric written in an

arbitrary coordinate system (γ is the corresponding determinant). In the case of

one-parameter Lagrangians we obtain

Tµν = −4LF Fµ
α Fαν − Lηµν , (10)

bFor the case in which ξ = 0, the quantity fµν is a singular two-form. Following Lichnerowicz
it can be decomposed in terms of the propagating vector kµ and a spacelike vector aµ = a εµ
orthogonal to kµ, in which εµ is the normalized polarization vector. Hence, we can write fµν =
kµ aν − kν aµ on Σ. From equation (4) it follows that fµνkν = 0, and contracting (5) with
ηλρkρ yields fµνηαβkαkβ = 0. Therefore, such modes propagate along standard null geodesics in
Minkowski spacetime.
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where we have chosen an Euclidean coordinate system in which γµν reduces to ηµν .

In terms of this tensor the effective geometry (8) can be re-written asc

gµν =

(
LF +

LLFF

LF

)
ηµν +

LFF

LF
T µν . (11)

We remark that, once the modified geometry along which the photon propagates

depends upon the energy-momentum tensor distribution of the background elec-

tromagnetic field, it is tempting to search for an analogy with the corresponding

behavior of photons in a gravitational field. We will return to this question later

on.

Therefore, the field discontinuities propagate along null geodesics in an effective

geometry which depends on the field energy distribution. Let us point out that, as

it is explicitly shown from the above equation, the stress-energy distribution of the

field is the true responsible for the deviation of the geometry, as felt by photons,

from its Minkowskian form.d

In order to show that the photon path is actually a geodesic curve, it is necessary

to know the inverse gµν of the effective metric gνλ, defined by

gµν gνλ = δµλ . (12)

This calculation is simplified if we take into account the well known properties:

F ∗µν F
νλ = − 1

4
Gδλµ, F ∗µλ F

∗λν − Fµλ Fλν =
1

2
F δνµ. (13)

Thus the covariant form of the metric can be written in the form:

gµν = a ηµν + b Tµν , (14)

in which a and b are given in terms of the Lagrangian and derivatives by:

a = − b
(
L2
F

LFF
+ L+

1

2
T

)
, (15)

b = 16
LFF

LF

[(
F 2 +G2

)
L2
FF − 16 (LF + F LFF )

2
]− 1

,

where T = Tαα is the trace of the energy-momentum tensor.

3. The Effective Null Geodesics

The geometrical relevance of the effective geometry goes beyond its immediate def-

inition. Indeed, as follows it will be shown that the integral curves of the vector kν
(i.e., the photons trajectories) are in fact geodesics. In order to achieve this result

it will be required an underlying Riemannian structure for the manifold associ-

ated with the effective geometry. In other words this implies a set of Levi-Civita

cFor simplicity, we will denote the effective metric as gµν instead of gµνeff from now on.
dFor Tµν = 0, the conformal modification in (11) clearly leaves the photon paths unchanged.
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connection coefficients Γαµν = Γανµ, by means of which there exists a covariant

differential operator ∇λ (the covariant derivative) such that

∇λgµν ≡ gµν ;λ ≡ gµν , λ + Γµσλg
σν + Γνσλg

σµ = 0. (16)

From (16) it follows that the effective connection coefficients are completely deter-

mined from the effective geometry by the usual Christoffel formula.

Contracting (16) with kµkν results

kµkνg
µν
, λ = −2kµkνΓ

µ
σλg

σν . (17)

Differentiating (29) we have

2kµ, λkνg
µν + kµkνg

µν
, λ = 0. (18)

Inserting (17) for the last term on the left hand side of (18) we obtain

gµνkµ; λkν ≡ gµν (kµ, λ − Γσµλkσ) kν = 0. (19)

As the propagation vector kµ = Σ, µ is an exact gradient one can write kµ;λ = kλ;µ.

With this identity and defining kµ
.
= gµνkν equation (19) reads kµ; λk

λ = 0, which

states that kµ is a geodesic vector. By remembering it is also a null vector (with

respect to the effective geometry gµν), it follows that its integral curves are therefore

null geodesics.

3.1. Two parameter Lagrangians

In this section we will go one step further and deal with the general case in which the

effective action depends upon both invariants, that is L = L(F, G). The equations

of motion are

∂ν (LFF
µν + LGF

∗µν) = 0. (20)

Our aim is to examine the propagation of the discontinuities in such case. Following

the same procedure as presented in the previous section one gets

[LF f
µν + 2AFµν + 2BF ∗µν ] kν = 0, (21)

and contracting this expression with Fαµkα and with F ∗αµkα, respectively, yields[
ξ LF +

1

2
BG

]
ηµν kµ kν − 2AF να F

αµkνkµ = 0 (22)[
ζ LF −B F +

1

2
AG

]
ηµν kµ kν − 2BF να F

αµkνkµ = 0. (23)

In these expressions we have set A
.
= 2 (ξ LFF+ζ LFG), B

.
= 2 (ξ LFG+ζ LGG), and

ζ
.
= Fαβ f∗αβ. In order to simplify our equations it is worth defining the quantity

Ω
.
= ζ/ξ. From equations (22) and (23) it follows

Ω2 Ω1 + ΩΩ2 + Ω3 = 0, (24)
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with the quantities Ωi, i = 1, 2, 3 given by

Ω1 = −LFLFG + 2FLFGLGG +G(L2
GG − L2

FG), (25)

Ω2 = (LF + 2GLFG)(LGG − LFF ) + 2F (LFFLGG + L2
FG), (26)

Ω3 = LFLFG + 2FLFFLFG +G(L2
FG − L2

FF ). (27)

The quantity Ω is then given by the algebraic expression

Ω =
−Ω2 ±

√
∆

2Ω1
, (28)

where ∆
.
= (Ω2)

2 − 4Ω1Ω3. Thus, in the general case we are concerned here, the

photon path is kinematically described by

gµν kµ kν = 0, (29)

where the effective metric gµν is given by

gµν = LF η
µν − 4

[
(LFF + ΩLFG)FµλF

λν + (LFG + ΩLGG)FµλF
∗λν] . (30)

When the Lagrangian does not depend on the invariant G, expression (30) reduces

to the form (8).

From the general expression of the energy-momentum tensor for an electromag-

netic theory L = L(F, G) we have

Tµν = −4LF Fµ
α Fαν − (L−GLG) ηµν . (31)

The scale anomaly is given by the trace

T = 4 (−L+ F LF +GLG) . (32)

We can then re-write the effective geometry in a more appealing form in terms of

the energy momentum tensor, that is,

gµν =M ηµν +N T µν , (33)

where the functions M and N are given by

M = LF +G (LFG + ΩLGG) +
1

LF
(LFF + ΩLFG) (L−GLG) , (34)

N =
1

LF
(LFF + ΩLFG) . (35)

As a consequence of this, the Minkowskian norm of the propagation vector kµ reads

ηµνkµ kν = − NMT µνkµkν . (36)
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3.2. Wave propagation in nonlinear dielectric media

It is possible to describe the wave propagation, governed by Maxwell electrodynam-

ics, inside a dielectric, in terms of a modification of the underlying spacetime geom-

etry using the framework developed above. The electromagnetic field is represented

by two antisymmetric tensors, the electromagnetic field Fµν and the polarization

Pµν . These tensors are decomposed, in the standard way, into their corresponding

electric and magnetic parts as seen by an observer which moves with velocity vµ.

We can write:

Fµν = Eµ vν −Eν vµ + ηρσµν vρHσ, Pµν = Dµ vν −Dν vµ + ηρσµν vρBσ. (37)

Following Hadamard, we consider the discontinuities on the fields as given by

[5λEµ]Σ = kλ eµ, [5λDµ]Σ = kλ dµ, [5λHµ]Σ = kλ hµ, [5λBµ]Σ = kλ bµ. For

the simplest linear case, in which we have Dα = εEα, Bα = Hα
µ , it follows that

dα = ε eα, bα = hα/µ. After a straightforward calculation one obtains

kµ kν [γµν + (ε µ− 1)vµ vν ] = 0. (38)

Let us generalize this situation for the nonlinear case. Maxwell equations are

∂ν F ∗µν = 0, ∂ν Pµν = 0. (39)

For electrostatic fields inside isotropic dielectrics Pµν and Fµν are related by

Pµν = ε(E)Fµν , where ε is the electric susceptibility. In the general case, for

ε = ε (E) we simplify our calculation if we note that we can relate the equation

of wave propagation to the previous analysis on vacuum polarization by means of

the identification LF −→ ε, which implies LFF −→ − ε′/(4E), where ε′ ≡ d ε/dE.

Therefore, the simple class of effective Lagrangians may be used as a convenient de-

scription of Maxwell theory inside isotropic nonlinear dielectric media; conversely,

results obtained in this context can as well be similarly restated in the former one.

In a nonlinear dielectric medium the polarization induced by an external electric

field is described by expressing the scalar function ε as a power series in terms of

the field strength E:

ε = χ1 + χ2E + χ3E
2 + χ4E

3 + . . . , (40)

where the constants χn are known as the n-order nonlinear optical susceptibility.

Note that we are using the standard convention which relates χn with the expansion

of the polarization vector. For this case the effective geometry is given by

gµν = ε ηµν +
ε′

E
FµαF

αν . (41)

It can also be re-written in the form

gµν = ε ηµν − ε′

E

(
EµEν −E2 δµt δ

ν
t

)
, (42)

where E2 ≡ −EαEα > 0. In other words,

gtt = ε+ ε′E gij = − ε δij − ε′

E
EiEj . (43)
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This shows that the discontinuities of the electromagnetic field in a nonlinear di-

electric medium propagate along null cones of an effective geometry which depends

on the characteristics of the medium given by Eq. (41). It seems worth investigating

under what conditions of the ε dependence on E a kind of horizon barrier should

appear for the photon in a dielectric. We will return to this problem elsewhere.

4. Moving Dielectrics

For the case of moving dielectric medium we proceed in an analogous way as in the

previous section. We set

[Pµν ]Σ = 0, [∂λ Pµν ]Σ = pµνkλ. (44)

It is convenient to project these tensors in the framework of a real observer en-

dowed with normalized four-velocity vµ, thus defining the corresponding electric

and magnetic vectors in the 3-dimensional rest-space of the observer vµ :

Fµν = Eµ vν −Eν vµ + ηρσµν vρBσ; Pµν = Dµ vν −Dν vµ + ηρσµν vρHσ.

Accordingly we decompose the discontinuity tensors into corresponding electric and

magnetic parts: fµν ↔ (eµ, bµ), pµν ↔ (dµ, hµ). The equations of motion are:

∂ν P
µν = 0, ∂ν F ∗µν = 0. (45)

Following the definitions and procedure presented above, one gets from the

discontinuity of the equation of motion Eq. (45):(
bµ vν − bν vµ − ηρσµν vρ eσ

)
kν = 0,

(
dµ vν − dν vµ − ηρσµν vρ hσ

)
kν = 0. (46)

In the present article we shall focus our analysis on the case in which the polarization

tensor is such that Dα = εEα and Bα = µHα. Besides, we take the dielectric

permittivity to be a real function of the electric field, that is ε = ε(E). Multiplying

the equation of the discontinuity by vµ we obtain that bµ k
µ = 0 and dµ k

µ = 0.

Thus, it follows that hµ k
µ = 0 and

eµ k
µ =

ε
′

ε

(Eµ k
µ)2

E
,

in which ε
′ ≡ dε/dE. From the discontinuity equation we get

hµ =
1

µ (kα vα)
ηµνρσ v

ρ eσ kν . (47)

Substituting this expression into the other discontinuity equation and multiplying

by Eµ we get after some algebraic manipulations[
ηµν + vµ vν

(
µ ε− 1 + µ ε

′
E
)
− ε

′

εE
EµEν

]
kµ kν = 0. (48)
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It then follows that the photon path is kinematically described by Eq.(29) where

the effective metric gµν is given by

gµν = ηµν + vµ vν
(
µ ε− 1 + µ ε

′
E
)
− ε

′
E

ε
`µ `ν . (49)

Here `µ is the unitary vector in the direction of the electric field. In the particular

case in which ε is a constant, this formula goes into the reduced Gordon geometry

gµνGordon = ηµν + vµ vν (µ ε− 1) . (50)

The inverse metric gµν , defined by gµν gνα = δµα, is

gµν = ηµν − vµ vν
(

1− 1

µ ε(1 + ξ)

)
+

ξ

1 + ξ
`µ `ν , (51)

where we have set ξ ≡ ε
′
E
ε
. We note that, once the wave vector kα is a gradient,

the photon path is a true geodesic in the effective geometry. We obtain then the

remarkable result that the discontinuities of the electromagnetic field in a nonlin-

ear electrodynamics propagate along null geodesics of an effective geometry which

depends on the properties of the background field.

The velocity of the photon vph = kµ v
µ/|k|, where |k| ≡ (ηµν − vµ vν)kµkν , is

vph =
1
√
µε

√
1 + ξcos2θ

1 + ξ
,

in which θ is the angle between the direction of the electric field and the propagation

of the photon. Note that in the limit case in which ξ vanishes, the photon velocity

coincides with the square-root of the determinant of the effective metric. Indeed,

for a geometry given by gµν = ηµν + aµν where aµν is symmetric, we have

det gµν = 1 + a+
1

2
a2 +

1

6
a3 +

1

24
a4 − 1

2
(ââ) +

1

3
(âââ)

− 1

4
(ââââ)− 1

2
a (ââ) +

1

3
a (âââ)− 1

4
a2 (ââ) +

1

8
(ââ)2, (52)

where a ≡ aµµ, ââ ≡ aµν aνµ, âââ ≡ aνµ aµα aαν , ââââ ≡ aνµ aµα aαβ aβν .
Using this property it follows that the determinant of the effective metric is

det gµν =
1

µε (1 + ξ)2.
(53)

In the case ε does not depend on the electric field, the photon velocity can be

written in terms of the determinant of the effective metric vph =
√
g.

The developed method can be applied to display properties of the photon prop-

agation in an arbitrary dielectric medium. It can be shown that the effective metric

can mimic some properties of the geometry discovered by Gödel in Einstein General

Relativity, where closed paths in spacetime occur. As a consequence, the circular

orbits for the photons (although unstable) turn out to be possible.1
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5. Preliminary Synthesis

The propagation of discontinuities of electromagnetic field in a nonlinear regime (as

it occurs, for instance, in dielectrics or in modified QED vacua) can be described in

terms of an effective modification of the geometry of spacetime. Such interpretation

is an immediate consequence of the analysis we presented here. This description also

allows us to recognize a striking analogy between photon propagation in nonlinear

electrodynamics and its behavior in an external gravitational field. For in both cases

the geometry is modified by a nonlinear process. It is clear that such analogy can not

be pushed very far, since in the gravitational case the modified geometry is observed

by any kind of matter and energy (including gravitational energy — at least in the

GR) and in the electromagnetic case this modified geometry is observed only by

the nonlinear photons. This analogy certainly deserves further examination, since

it may provide for the existence of an electromagnetic analogue of the gravitational

black hole.

It seems worth to make some comments in order to avoid possible misunder-

standings. The analysis that Gödel carried out in GR only makes sense for the

nonlinear photons. These propagate following geodesics of the effective metric. All

other particles, interactions and observers propagate in the Minkowski background.

A class of syncronized inertial observers on a hypersurface x0 = constant, that

contains the closed curve, will see this photon path as a closed spacelike curve.

It has been known from more than half a century that gravitational processes

allow the existence of closed paths in spacetime. This led to the belief that this

strange situation occurs uniquely under the effect of gravity. As we have shown this

is not the case: photons can follow closed curves due to electromagnetic forces in a

non-linear regime. This new property depends crucially on the non-linearity of the

electromagnetic processes and it does not exist in Maxwell’s theory.

To close this section we emphasize that the existence of closed curves is not

an exclusive property of the gravitational interaction. The existence of such curves

in both gravitational and electromagnetic processes asks for a deep review of the

causal structure as displayed by the geodesics of the photons.
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